This paper is motivated by the apparent lack of a precise mathematical description of the very "natural" idea of variable bandwidth for a function, defined on the real line. Different existing concepts suffer from serious shortcomings. We will present a new and mathematically well justified function space model, which is based on the theory of coorbit spaces, in a timefrequency context. Making use of the flexibility of this approach we define a family of Hilbert spaces which can be viewed as generalised modulation spaces. More precisely, we define a family of Banach spaces of functions with variable bandwidth (VB-functions) by imposing a weighted mixed-norm condition on the short-time Fourier transform of their elements, "punishing" the contributions outside a strip of variable width described by the band-width function b.
Introduction
The motivation for this paper was the lack of a mathematically rigorous definition for the very natural idea of functions of variable bandwidth. Although several attempts were made in the literature [8, 10, 11, 30, 2] , all of them have their short-comings and no detailed study or comparison of concepts has been undertaken so far. We shall demonstrate that one very attractive way of describing Banach spaces of functions of variable bandwidth is to characterize its elements by the behavior of their short-time Fourier transform (STFT). These spaces are characterized by the fact, that STFT of their elements show the same amount of concentration within a strip in phase-space.
The idea of variable bandwidth (VB) was brought up in Slepian's talk [29] and used in [7] , [10] and others. Some authors refer to the phenomena as warped frequency [4] , time-varying spectrum [9] , [3] , [23] , or, approximately band limited functions. Early attempts to produce and analyze VB-signals were made in [27] , by applying time-variant filters to band-limited functions.
We will show that the theory of coorbit spaces [18] , adapted to the timefrequency setting, provides the appropriate tools. In analogy to Sobolev spaces we define a family of new Banach/Hilbert spaces of functions with variable bandwidth by imposing a weighted norm condition on the STFTs of their elements. By taking the weight constant (≡ 1) within a VB-strip in the TF-plane, but rapidly growing outside of the strip, the space will contain only functions whose STFT is essentially contained in that strip. In order to be able to make use of coorbit theory we have to ensure that the weight, while growing relatively quickly outside the boundaries of the strip, is moderate. Typical examples will be chosen to grow like a polynomial, as a function of the vertical distance from the boundary.
This approach supports the idea that signals of variable bandwidth are signals with essential TF support within the strip ST b , i.e. such signals may be non-zero beyond the strip ST b , but those values are assigned with a strong weight. For practical purposes, one can shift the time-frequency content of the function within ST b , or one can shift the time-frequency plane so that V g f is contained in ST b , as suggested in [22] .
In the next section we shall give an overview of time-frequency analysis tools: weight functions, the short-time Fourier transform and Gabor frames, used to define and characterize modulation spaces. In section 3 we construct a weight that fits well with the VB-concept and study its properties. We use this weight to define VB-spaces in section 4. We present two different methods to generate VB-functions in sections 5 and 6. Section 7 deals with approximations of VB-functions.
Preliminaries
In this section we recall the concepts of weights, weighted modulation spaces, Toeplitz operators and Gabor frames. Note that if for any reason we are interested in the behavior of a function F on a subset Ω of its domain, we use the function's restriction F | Ω .
Weights in general
Throughout this paper, a weight is a positive function on R 2 . By v we denote a continuous, positive, even, submultiplicative weight function such that v(0) = 1, v(z) = v(−z), z ∈ R 2 and
A positive, even weight function m on R 2 is called v-moderate if it satisfies for some C > 0:
Since one can replace v(z) by Cv(z) we will assume whenever convenient that C = 1. Two weights m 1 and m 2 are equivalent if for some c > 0
The standard class of weights on R 2 are the (equivalent) submultiplicative radial weights of polynomial type
They are at least moderate for general s ∈ R, with respect to v |s| . It is the TF-analogue of (1 + ω 2 ) s/2 , a weight which is important for the description of the the reproducing kernel of Sobolev spaces [21] , which is also equivalent to (1 + |ω|) s .
Lemma 1.
If the moderate weight m o (with respect to v) is equivalent to weight m, then m is also moderate with respect to the same weight v.
Mixed-norm spaces
We make use of mixed-norm weighted spaces L p,q m (R 2 ), suitable for working on the time-frequency plane. The idea is to measure with L p -norm in one parameter (time x) and with L q -norm in the other parameter (frequency ω). That is, given 1 ≤ p, q < ∞, a sub-multiplicative weight v and a v-moderate weight m, the mixed-norm weighted space is the collection of all measurable functions F for which the following norm is finite:
For p or q = ∞ in (5), the appropriate ess-sup-norm is used. For the case p = q we have ordinary weighted L p -spaces and we write L p m . Mixed-norm spaces share most properties with
, then we can estimate the convolution products take over R 2 as follows:
In other words,
m . See [12] for more details.
Short-time Fourier transform
The short-time Fourier transform (STFT for short notation) of a function f ∈ L 2 with respect to a window function g ∈ L 2 is
and it holds V g f 2 = f 2 g 2 . The definition of V g f can be generalized to larger classes, whenever the inner product in (7) is well-defined, for instance: f ∈ S (R) and g ∈ S(R). In fact, it is enough that g and f belong to time-frequency shift-invariant, mutually dual spaces, where a time-frequency shift of a function f we mean
Apart from the description given in (7) there is a long list of equivalent descriptions of the STFT:
In the last expression * is the flip operator, that is g * (t) = g(−t). The isometry property of V g implies the inversion formula for the STFT
is well-defined in the weak sense for all f ∈ L 2 (R) and windows γ, g = 0. Written as vector-valued integrals, we have the adjointness relation V * γ F, h = F, V γ h for, say F ∈ S (R 2 ) and h ∈ S(R). V * γ is a well-defined operator on modulation spaces and is in fact very useful for generating functions in these spaces, see (15) . For nice windows, the integral (9) can even be interpreted as convergent Riemannian sums in the corresponding modulation space (the case p = 2 = q is treated in [32] ).
Modulation spaces
Modulation spaces theory is a special example of the much wider co-orbit theory (see [15] , [16] , [18] ), which covers the case of solid, translation-invariant spaces. We give a short overview of the theory of modulation spaces, using mostly chapters 11 and 12 of [24] and some of the co-orbit literature.
Modulation spaces are defined via weighted L p,q -norms of the STFT. Given a fixed Schwartz window function g = 0, say the Gaussian, a vmoderate weight m on R 2 and 1 ≤ p, q < ∞, the modulation space M p,q m (R) consists of all tempered distributions f ∈ S (R) for which V g f has finite weighted mixed-norm (5)
(with the usual adjustment for p, q = ∞). 
If m is v-moderate, g o -the normalized Gaussian window and γ ∈ S, then the inverse STFT maps L 
For a v-moderate weight m it holds
for all p, p and q, q such that
. In other words, if m is a v-moderate weight, then the space M A recent result in [26] is giving an explicit isomorphism between modulation spaces, by the use of Toeplitz operators. For a fixed function a ∈ S(R 2 ) (called a symbol ) and ϕ ∈ S(R), the Toeplitz operator is defined by
T p ϕ (a) is well-defined and extends uniquely to a continuous operator from S (R) to S(R). Its definition can be extended to more general classes of symbols and windows by using the appropriate description of the STFT (8).
Theorem 2.
[26] Let m be a v-moderate weight and 0 = ϕ ∈ S(R) a Gabor window. Then for every v-moderate weight m o and p, q ∈ [1, ∞], we have the following two isomorphisms:
Even for the case p = 2 = q, i.e. for the Hilbert space case this result is non-trivial (because unlike the case of Fourier multipliers the product of these two operators is not just the identity operator!), and quite important in establishing further results about pseudo-differential operators.
Gabor analysis on modulation spaces
Gabor frame theory is originally developed on L 2 (R). Mild restrictions on the used windows allow to extend it the corresponding atomic decompositions to families of modulation spaces. Let us collect a few facts about Gabor frames (see also [5, 6, 24] for details).
Gabor frames G are produced from a single function g, called an atom, via time-frequency shifts along a lattice Λ = AZ 2 , for some invertible real 2 × 2-matrix A, or equivalently with Λ being an arbitrary discrete (and co-compact) subgroup of
that the corresponding TF-shifts commute.
A special case of a lattice is of form αZ × βZ, it is called separable. The parameters α and β are called lattice parameters. The adjoint lattice can be shown to have the form
, the associated Gabor family is defined by
where we denote
is a frame for L 2 , we call it a Gabor frame, i.e. it satisfies the frame condition on L 2 (R),
for all functions f ∈ L 2 . A o and B o are the lower and upper frame bounds; if A o = B o then the frame is called tight. The frame operator
commutes with all time-frequency shifts π(λ) for λ ∈ Λ and we denote S = S g,g whenever only one fixed window g is used for both analysis and synthesis. In general, we operate with S g,γ , with different windows for analysis and synthesis, defined for each function f as
A very important result is that the canonical dual frame of G(g, Λ) is G(h, Λ) with h = S −1 g; so it has a Gabor structure too. This fact reduces computational issues to solving the linear system Sh = g for h. Many other functions (atoms) h can generate a dual Gabor frame for G(g, Λ); each such pair (g, h) is called a Λ-dual pair.
The Gabor analysis operator C γ , defined by Cf = ( f, g λ ), is bounded from any modulation space to the corresponding Banach space of sequences. More precisely, there exists come c > 0 such that for any analysis window
Next we cite a result on atomic decompositions:
m , all v-moderate weights m and all lattice constants α, β > 0 it holds
with unconditional convergence in M p,q m for all 1 ≤ p, q < ∞ and weak * convergence otherwise. In particular, there are constants A, B > 0 such that
for λ = (αk, βn) ∈ Λ. That is, the norm equivalence
holds on M p,q m . Bym we denote the discretized version of the weight m. Coefficients A , B are independent on p, q and even m.
We call inequality (21) a Gabor frame inequality on M p,q m . Gabor expansions are essential in both pure and applied mathematics; for example, its use is of core importance when establishing Schatten-von Neumann properties for pseudo-differential operators or non-stationary filters [25] , [31] .
Customized weights on the time-frequency plane
Let the function b ≥ 0 describe the time-varying broadness of a strip ST b in the time-frequency plane R ×R, i.e.
We call the set ST b a strip with variable bandwidth (VB-strip). For both simplicity and practical reasons we choose to work with symmetric strips
Then, a variable bandwidth weight on the time-frequency plane (VB-weight) is defined by
The most simple example is a weight with respect to a constant bandwidth a > 0 for some s > 0 (typically large, e.g. s = 6 or s = 10):
Notice that, whenever we choose b ≡ 0, we get the standard submultiplicative weight (1 + |ω|)
s . We work with s > 0 in (25) for the following reasoning: Applying weight (25) on the time-frequency plane means that we are adding graded weight to the exterior of ST b . Then if a weighted STFT of a function f is integrable for some s > 0, the STFT itself is decaying faster then a polynomial of order s outside the strip. In other words, this weight is giving us the opportunity to locally describe the STFT decay.
Alternative definitions of weights are in more depth discussed in [1] . For instance, another good candidate for a VB-weight is
which is a moderate weight with respect to (1 + |ω| 2 ) s/2 and is equivalent to (25) , just as the two weights in (4) are equivalent. It is possible to work with a differently defined distance function d b (eg. minimal distance) but we shall here limit ourselves only to vertical distance.
We shall now prove that, assuming Lipschitz continuity of the bandwidth function, the weight we defined here is moderate, which provides for welldefined modulation spaces later. Proposition 1. Let s > 0, take b to be a non-negative function on R and choose
then the weight m b is moderate with respect to
i.e. for all (x i , ω i ) ∈ R ×R, i = 1, 2, it holds
As a consequence, m b is moderate if b is bounded (since b is then satisfying (29) , known as the Lipschitz condition).
If
s and m b (x 2 , ω 2 ) = 1. We use (29) to estimate
for k = max {k 1 , 1 + k 2 }, which gives us again (31) , that is, (2) is satisfied.
Notice that the VB-weight, defined as in (28), is moderate for s < 0 as well; we can prove this with a simple change of variables. We make use of the polynomial weight v s (x, ω) = (1 + |x| + |ω|)
|s| . Denoting z 1 = (x, ω), z 2 = (y, ξ), from Proposition 1 we know that for some c > 0 it holds
implying the following result:
s .
Due to the uncertainty principle it does not make sense to talk of the bandwidth at a given point, nor to try to describe rapid changes of local bandwidth. Accordingly the concept of variable bandwidth should show some robustness, and small local changes should not effect the resulting spaces. Our proposed concept shows such properties: 
If |ω| − m(x) − h(x) > 0, then both weights have non-trivial values,
Via this estimate
we derive that
It follows from Lemma 1 that the weight m b+h is also moderate.
Following the last proof, we derive that only a finite number of shifting the bandwidth is allowed to preserve the weight equivalence. In other words, Corollary 3. If there is a positive constant C so that the bandwidth shift is 0 ≤ h < C, then the weight equivalence constant for m b and m b+h is at most (C + 1)
Due to the equivalence of a constant bandwidth weight to (1 + |ω|) s and (1 + |ω| 2 ) s/2 , corollary 3 implies The finite bandwidth shift property (Corollary 3) may give the impression that there is only one VB-weight up to equivalence, but this is not true. Here is a counter-example: consider an unbounded bandwidth function of form b(x) = (1 + |x|) a and take a ∈ (0, 1]. Such a bandwidth gives a moderate weight as b is bounded, but the generated weights for different values of a are not equivalent. The reason for it is the different growth of b for different values of a.
Banach spaces of variable bandwidth functions
Using the moderate weights defined with respect to a variable bandwidth strip (23), we can proceed to the definition of functions with variable bandwidth, using the tools from subsection 2.4. We have seen that VB-weights provide for a certain flexibility, that is, the precise knowledge of the bandwidth is not necessary as finite changes give equivalent weights. This shall provide for equivalent norms (13) on the function spaces level. . This way we quantitatively describe a function f ∈ VB, whose STFT is weighted mixed-norm Lebesgue -integrable. Due to the special design of the weight, the STFT of f is decreasing faster than a polynomial of degree s on the exterior of ST b in the frequency direction. Therefore it is justified to claim that f ∈ VB, with variable bandwidth function b, is essentially supported in ST b .
Inclusions
The following proposition lists properties of VB-spaces that are an extension of the natural inclusion relations for mixed-norm spaces and some simple properties of VB-weights. Strong VB-weights make for small spaces; also, the wider the band, the wider the VB-space is. That is, if
As stretching the band strip means widening the space, we may consider all L 2 -band limited functions as functions with variable bandwidth. 
. Then the weight m b,s for b ≥ r + a has no influence on the time-frequency content (that is, m b,s = 1 on ST b ) and
Move the bandwidth
As we have seen in Section 3, working with respect to a variable bandwidth b or a slightly changed b + h, produces equivalent weights on the time-frequency plane. The corresponding spaces are norm equivalent, that is:
Theorem 4. Moving the bandwidth b for a step function h such that |h(x)| < 1, x ∈ R, results with equivalent variable bandwidth norms:
That is, VB 
Proof. The result follows from Proposition 2 and (13).
A finite number of bandwidth shifts is allowed and does not change the function space's structure. 
VB-functions via time-variant filtering
We shall employ signal processing techniques to produce VB-functions out of L 2 functions. Given a L 2 function, we can produce functions with variable bandwidth by moderating the STFT content via an inverse weight. The results given here may be viewed as a special case of the results in [26] . 
defined with respect to a(ny) Schwartz window ϕ, is an isomorphism between L 2 and VB. Its explicit form, T p ϕ (
gives us a hint on the processing that takes place on the time-frequency plane. More specifically, given a function f ∈ L 2 , the corresponding function
is a VB-function, seen as a vector-valued integral. That is, the STFT of (38) would be essentially supported within the VB-strip ST b .
By techniques similar to the ones used in the previous proof one obtains In practical situations we may use Gabor multipliers to produce VBfunctions: by (15) , for any suitable F ∈ L p,q , it holds f = V * g F ∈ M p,q . Then, given a Gabor frame (g k,n ) that satisfies (21) , by (19) it follows that the standard Gabor decomposition f = k,n c k,n g k,n has the property (c k,n ) ∈ p,q . If we denote bym k,n = m(kα, nβ) the sampled version of a VB-weight
Patchworks of band-limited functions
We give here ways to construct VB-functions by cutting parts of (bandlimited) functions and gluing them together. For this purpose we shall need a customized bounded uniform partition of unity (BUPU), created out of a continuous, compactly supported function ψ, say supp(ψ) ⊆ U 0 = [−1, 1] such that 0 ≤ ψ ≤ 1. The related family
will have finite overlap, as supp(ψ n ) ⊆ U n = [n − 1, n + 1], so ψ n and ψ n+p have no overlap for |p| ≥ 2. In addition, we assume n∈Z ψ n ≡ 1. Hence any function f on R can be decomposed as
We call the family (39) a (regular) BUPU on R.
We shall compose a V B-function using parts of band limited L 2 -functions such that
Theorem 6. Assume that {ψ n : n ∈ Z} is a BUPU as in (39) and let {f n : n ∈ Z} be a sequence of band limited L 2 -functions as in (41). For each n, let m bn be the constant bandwidth weight (26) .
for b being a smooth bandwidth function with samples
when x ∈ U n . That is, for some C o > 0 it holds
Note that, given a normalized, band-limited window γ (supp(γ) ⊆ [−1, 1]), the particular choice of bandwidth gives us
Let m = m bn be a weight created with respect to a constant b n as in (26) .
Since there is no overlap between the support of V γ f n and the region of non-trivial values of the weight m, it holds
Surely then f n is both in VB is equivalent to V γ f n · m bn 2 up to a constant.
Proof. We choose a normalized window g centered at 0, supp(g) ⊆ [−1, 1]. Then V g (f n ψ n ) has its time support in [n − 2, n + 2] and, for k such that |k| ≥ 4, it has no overlap with V g (f n+k ψ n+k ). We shall use this property to measure the norm of f = n∈Z ψ n f n in sections.
By the basic properties of norms, it holds
First, we have re-arranged the summation and interchanged the order of the STFT and the finite sum. Then, the equality in (47) holds, as there is no area overlap between each V g (f n+k ψ n+k ).
Also, observe that measuring the weighted norm of V g (f n ψ n ) with respect to the general weight m b is equivalent to measuring the norm of V g (f n ψ n )·m bn . This is true as V g (f n ψ n ) = 0 only on [n − 2, n + 2] × R, where m b and m bn are equivalent. This is true as the related bandwidths satisfy the conditions of Proposition 2. Locally m b is close to its sample m b(n) and it holds up to a maximal constant C 1 due to Theorem 4. Then
As the choice of window g is merely producing equivalent norms, the proof is complete.
Patchwork of band-limited functions on the time-frequency side
We use the family (39) to build a family of translates in time on the time-frequency plane, defined by
Obviously, Ψ n and Ψ n+k do not overlap for |k| ≥ 2 and n Ψ n = 1 on R 2 .
Theorem 7. Assume that {Ψ n : n ∈ Z} is as in (49) and let {f n : n ∈ Z} be a sequence of band limited L 2 -functions as in (41). Let m b be a V B-weights, defined with respect to a bandwidth function b = b(x), such that b(n) = b n and |b(x) − b n | < 1 4 when x ∈ U n . If for a normalised, band-limited window g it holds
That is, for some c > 0 it holds
Proof. For a normalized, band-limited window g such that supp(ĝ) ⊆ [−1, 1], the particular choice of bandwidth in (41) gives us
Let m bn be a weight created with respect to a constant b n as in (26) . Since there is no overlap between the support of V g f n and the region of non-trivial values of the weight, it holds
We choose F = n∈Z Ψ n · V g f n . By the basic properties of norms and using (15) , it holds
Locally, measuring the L 2 -norm of Ψ n · V g f n m b is equivalent to measuring the norm of Ψ n · V g f n m bn . This is true as the related bandwidths satisfy the conditions of Proposition 2 (then m b is close to its sample m b(n) and it holds up to a maximal constant C 2 due to (41) and Theorem 4). But m bn = 1 at each segment where Ψ n · V γ f n = 0. Then
which completes the proof.
Patchworks of band-limited functions on the time line
We give an alternative version of the previous results. Here we choose the BUPU generating function ψ such that |ψ| * |ĝ
v . Due to the one-dimensional version of inequality (6) , this is easy to achieve, it is enough to takeψ ∈ L for all x ∈ U n and m b is a VB-weight, moderate with respect to v. That is, for some C > 0 it holds
Proof. We use a normalized window g centered at 0, supp(g) ⊆ [−1, 1]. As in the previous proofs, it holds
Due to (8) , it holds |V g f | ≤ |f | * |ĝ * |. Then for each n,
which implies
As explained after (42), f n M 2 m bn is equivalent to f n 2 . The norm of |ψ n | * |ĝ * | is bounded by a constant due to the nature of ψ, namely
Thus, the existence of a uniform constant C 3 guarantees (56), via
Approximation errors for VB-functions
For band-limited functions, we can expect an estimate, similar to the result in [20] : the reconstruction of band-limited functions within L 2 does not require the whole lattice and can be performed from incomplete data; one can perform a perfect reconstruction with coefficients from within a band in the time-frequency plane. In general, for non-band limited functions, there is an error in approximating from a band-limited (thus incomplete) set of data and it is interesting to derive an error estimate for the non-band-limited case.
In this section we first give a uniform estimate of the reconstruction error with respect to a weaker weight. The relative error margin depends only on the frame structure and not on the individual function that is to be approximated. Then we give a generalization of the result in [20] in spaces other than L 2 and consider a subclass of VB-functions in that context. We start with a simple estimate of the inverse weight. 
s ≥ −1 and we conclude that (58) holds for any λ / ∈ ST b+r .
We shall use the weight estimate to measure the L 2 -norm of the spectrogram's out-of-band energy.
Lemma 10. For all f ∈ VB = VB 2 m b (R) and any ∈ (0, 1) there exists r > 0 so that
Proof. For a given , we choose r so that for all (x, ω) ∈ ST By taking square roots we arrive at (59).
Applying similar estimates to the approximation problem, we obtain: 
Proof. Recall the boundedness of frame-related operators and the frame inequality (18), we obtain the following estimate: 
Proof. We use a result similar to Lemma 10 and apply the frame inequality, similar as Corollary 11.
The specifics of our setting allows us to work with essential supports (inspired by [29] ). In fact, the growth of the VB-weight implies that the STFT values outside the strip ST bo have to decaying polynomially of some order. Therefore, we can expect that an approximation that employs only the reconstruction coefficients from within an expanded strip ST b , for b ≥ b o wide enough, is sufficiently accurate.
For f ∈ VB 
We are working with functions that are not band-limited overall, so we cannot expect a complete reconstruction from an incomplete data set, as achieved for band-limited functions [20] .
First, we give a result concerning band-limited functions in modulation spaces -a generalization of the L 2 result in [20] . 
